7Example 8.8 Diffusion with Reaction
Equation (8.1.18) is solved in Maple below:

[>> restart : with(inttrans) : with(plots) :
> eq:=diff(u(x,t),)=diff(u(x,t),x$2)-Phi"2*u(x,t);
eq:= jl u(x, t) :_jfi u(x,t)——<D2u(x,t) Q)
ot ox
7>»u(x,0)::O;
u(x,0) :==0 )
7> bcl:=u(x,t)=1;
bel:=u(x,t) =1 3)
> be2:=diff(u(x,t),x)=0;
0
bc2 .= x u(x,t)=0 4)
E>»eqs:zlaplace(eq,t,s):
> eqgs:=subs(laplace(u(x,t),t,s)=U(x),eqs);
2
egs:=sU(x) =95 U(x) =@’ U(x) )
dx
[>>bcl::IapIace(bcl,t,s):
> bcl:=subs(laplace(u(x,t),t,s)=U(x),bcl);

bel == U (x) =% ©6)

[>rbcz::laplace(bcz,t,s):
> bc2:=subs(laplace(u(x,t),t,s)=U(x),bc2);
d

be2 = - U(x) =0 @)

> dsolve(eqgs,U(X));
U(x)=_C1 sin(\/ s X) +_C2 cos(\/ N X) (8)
> U(X):=c[1]*cosh((s+Phi™2)"(1/2)*x)+c[2]*sinh((s+Phi"2)N(1/2)*X);

U(x) :=c, cosh(\/ s+ x) +c, sinh(\/ s+ x) 9)

[>»er::evaI(subs(x:O,bcl)):
[>»eql:zeval(subs(le,ch)):
[>»con::solve({eqo,eql},{c[l],c[2]}):
> U(x):=subs(con,U(x));

Uiy cosh( /s + @ x) - sinh (/s + @ ) sinh(Js+ @ x) (10)
> cosh(\/ S-I—d>2 ) S




L> U(x) :=combine(simplify(U(x))):

:.> U(x) :=factor(U(X));

U(x) = cosh(\/ S—I—d)2 (X — 1))
cosh(\/ S +CI)2 ) S

:>'Ul(X)3=SUbS(S=S—PhiA2,U(x));
Ul(x) == cosh(+/'s (x — 1)2)
cosh(\/?) (s—q) )

:> P(s):=numer(U1(x));
i P(s) := —cosh(\/? (X — 1))
> Q(s):=denom(U1(x));

Q(s) = cosh(\/?) (-S —I—d)z)
> A(S):=P(s)/diFF(Q(S),S);

— cosh(\/? (X — 1))
A(s) : . 3
1 s1nh(\/?) <—S+d)) —cosh(\/?)
2 Vs
7> solve(Q(s),s);
1 2 .2
—ZR,QD
[> _EnvAllSolutions := true:
[> solve(Q(s),s):
[The roots are:
> Phin2,-((2*n-1)*Pi1/2)"2;
2 1 1322
O 1 2n—1)"m
7> A[n]:=simplify(subs(s=mu,A(s)));
N 2cosh(V (x=1)) S

[> A[O] :=subs(mu™(1/2)=Phi ,mu=Phi"2,A[Nn]):
> A[O]:=simplify(A[O]):;

cosh(® (x—1)
o o )

cosh( @)

L "2,A[nD):

" —sinh(\/E) ],H-sinh(\/i) CID2 —2 cosh(\/E) \/E

> A[n]:=simplify(subs(mu™(1/2)=1*(2*n-1)/2*Pi ,mu=-((2*n-1)*Pi/2)

The shifting theorem is used to find the inverse Laplace transform® as:: L-1F(s)=exp(-D2t)L=1F(s-®2)
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t> vars:={cos(1/2*(2*n-1)*Pi1)=0,sin(1/2*(2*n-1)*Pi)=(-1)™(n-1)}:
> A[n]:=simplify(subs(vars,A[n]));
4(-1)"@2n=1) ncos(% (2n—1)n(x—1))

A = (20)
" 411;2n2—47t2n-|-7t2+4d>2
7> uOs:=A[0]*subs(mu=Phi"2,1/(s-mu));
U0S — cosh((I)(x—l)z) 21)
cosh(®) (s— @)
7> uot:=invlaplace(u0s,s,t);
B @t
U0t = cosh(® (x—1)) e 22)
cosh(®)
7> uns:=A[n]/(s-mu);
4(—1)‘”(2n—1)ncos(i (2n—1)n(x—1))
uns := 2 (23)
(41t2n2—4n2n+n2+4d>2) (s—u)
7> unt:=invlaplace(uns,s,t);
4(-1)7" (2n—1)ncos(l (2n—1)n(x—1))e“t
unt == 2 (24)
4n2n2—41t2n +7t2+4CI)2
7> unt:=subs(mu=-((2*n-1)/2*Pi1)"2,unt);
. 1 —%(Zn—l)znzt
4(-1) n(2n—1)ﬂ;cos(5 (2n—1)n(x—1))e
unt := (25)

4Tc2n2—41t2n -|-TC2+4(1)2

' The time domain solution is obtained by multiplying the inverse Laplace transform of U1(x) by exp(-

L D2t):

> U:z=simplify(uOt*exp(-Phi"2*t))+Sum(unt,n=1__infinity)*exp(-
Phin2*t);

cosh(® (x —1))
U:= + 26
cosh( @) ngl 20)
; 1 —%(2n—1)2nzt
4 (-1) (2n—1)ncos(5(2n—1)1t(x—1))e e

€

2 2 2 2
41 n2—4n n+mn +4o

| > u:=piecewise(t=0,0,t>0,subs(infinity=20,U)):
| The following plots are obtained:
(> plot3d(subs(Phi=1,u),x=1..0,t=0.5..0,axes=boxed, title="Figure



Exp. 8.15.",labels=[x,t,"u"],orientation=[-45,60]);

Figure Exp. 8.15.

>
| The solution obtained matches the separation of variables solution obtained in example 7.8.



